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A new method is presented to solve multi-objective multidisciplinary optimization (M–MDO) problems. This
M–MDO method is applicable to multi-objective optimization problems that can be decomposed hierarchically
into multi-objective subproblemsand whose objective functions are either separable or additively separable. In the
decomposition, the subproblems may have both common and unique objectives. The method uses a multiobjective
genetic algorithm (MOGA) to optimize the multi-objective subproblems;hence, it is referred to as a multi-objective
multidisciplinary genetic algorithm (M–MGA). It is shown that for any Pareto point of the original (single-level)
problem, M–MGA generates at least one point that is noninferior with respect to that Pareto point. Also a com-
parison is shown between the computationalcomplexity of M–MGA and a single-level MOGA in terms of number
of functions calls. The M–MGA is demonstrated by two engineering examples: the design of a speed reducer and
the design of a payload for an undersea autonomousvehicle. In both examples, the generated solutions are similar
to solutions generated by solving the examples as single-level problems. M–MGA produces relatively the same
solutions from one M–MGA run to another.

Nomenclature
AC = accuracy metric
CL = cluster metric
DH = diameter of undersea autonomous vehicle (UAV) hull
f = design objectives vector
f j;i = i th objective of the j th subproblem
FN = number of function calls
g = design constraints vector
g j = local constraints vector of the j th subproblem
HD = hyperarea difference metric
HM = UAV hull material
I1 = � rst inner material type
I2 = second inner material type
itr = iteration counter
J = number of subsystem subproblems
K = total number of constraints
K j = number of local constraints in the j th subproblem
M = total number of objectives
M j = total number objectives in the j th subproblem
N = total number of variables
N j = number of local variables in the j th subproblem
NP¤ = set of points in P¤ that are nondominated with respect

to all other points in P¤

OS = overall spread metric
P¤ = combination set having lowest HD value
Pi; j = number of Pareto solutions from the j th subproblem

associated with x i
sh

PL = payload length
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pop = population size
PR¤ = Pareto solution of the original problem
PS j = probability of success for the j th scenario
PT = payload type
P0 = number of feasible system individuals
q = vector of quality metrics
R = number of objectives that are additively separable
rep = number of individuals replaced in a MOGA iteration
S = number of system objectives
x = design variables vector
x j = local variables vector of the j th subproblem
xsh = shared (system) variables vector

Subscripts

L = lower bound
U = upper bound
0 = system

I. Introduction

O NE way of solving a large or multidisciplinary design opti-
mization problem is to decompose the problem into smaller

subproblems and then solve the decomposed problem by an ap-
proach known as multidisciplinaryoptimization(MDO).1 In MDO,
the decomposedoptimizationproblemconsistsof two or severallev-
els of subproblems, with the topmost level called the system level
and the lower levels called the subsystem levels.

Depending on the couplings between same level subproblems,
MDO problems are categorized into two types2: hierarchical and
nonhierarchical. A hierarchical MDO problem has only parent–
children relationships between subproblems: a lower level (child)
subproblem is coupled only to its upper level (parent) subproblem.
A nonhierarchical MDO problem is more general, allowing cou-
plings between same-level children subproblems as well. In this
paper we consider only hierarchical problems. Overviews of MDO
methods for aerospace system design optimizationcan be found by
Ballingand Sobieszczanski-Sobieski2 and Sobieszczanski-Sobieski
and Haftka.3

Many hierarchicalMDO methodsare reportedin the literature,for
example,Kirsch,4 Lasdon,5 and Azarm and Li.6 Most of thosemeth-
ods, however, are applicable only to single-objective problems.2;3
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Even those that can handle multi-objectiveMDO (M–MDO) prob-
lems requirethat theproblemshavecontinuousvariableswith differ-
entiable objective and constraint functions.7 Often, M–MDO prob-
lems are solved by converting them into single-objective MDO
problems using a weighting method or other methods, for exam-
ple, Haimes et al.7 and Tappeta and Renaud.8 Such methods can
obtain only a single multi-objective optimization solution, that is,
a single Pareto solution, from each run of an optimizer. To obtain
a reasonable representation of the complete set of solutions, such
M–MDO methods have to be run numerous times.

Several methods have been developed to solve MDO prob-
lems that have mixed continuous–discrete variables. Korngold and
Gabriele9 used branch-and-bound and simulated annealing tech-
niques in their method to solvesuch MDO problems thathavemixed
continuous–discrete design variables. However, their method is a
single-objective MDO method. Kurapati and Azarm10 introduced
a genetic-algorithm-based method to account for the discrete vari-
ables in their M–MDO problems. However, their method requires
that all subproblems have the exact same objectives, which is not
the case with most real-world M–MDO problems.

To address the aforementioned shortcomings, we present in this
paper a new method to solve hierarchical M–MDO problems using
a multi-objective genetic algorithm (MOGA). This new method,
multi-objectivemultidisciplinarygenetic algorithm (M–MGA), al-
lows different subproblemsof the M–MDO problem to have unique
as well as common multiple objectives. In addition because M–
MGA uses a MOGA for the solutionof the subproblems, it is appli-
cable to M–MDO problems with a mix of continuous and discrete
variables and with nondifferentiableobjective and constraint func-
tions.

II. Background
In this section, we present some de� nitions and terminology and

brief descriptionsof MOGA and set quality metrics. Note that all of
the de� nitionsand terminologygivenare for a “minimization”prob-
lem. A “maximization”problemcan be converted to a minimization
problem without loss of generality.

A. De� nitions and Terminology
A general multi-objective optimization problem can be mathe-

matically stated as follows:
Minimize

f .x/ D f f1; : : : ; fM gt .M ¸ 2/ (1a)

subject to

gk .x/ · 0; k D 1; : : : ; K

xL · x · xU (1b)

where

x D fx1; : : : ; xN gt (1c)

For simplicity of formulation,without loss of generality,we did not
include equality constraints.

Typically, the design objectivesof a multi-objectiveoptimization
problem as shown in Eq. (1) are at least partly con� icting. For this
reason, in general, a multi-objectiveoptimizationproblem does not
have a single optimal solution. Instead, there exists a set of optimal
solutions for such a problem. This set is called a Pareto set, and its
componentsare calledPareto optimal solutions(de� nitions follow).

For a minimizationproblem, we providede� nitions of terms used
in this paper:

The variable space is the N -dimensional space wherein the co-
ordinate axes are the design variables. The objective space is the
M-dimensional space wherein the coordinate axes are the design
objectives. The good point is the decision maker’s estimate of the
utopian11 point.The bad point is the decisionmaker’s estimateof the
nadir11 point. The explanation of inferior point, noninferior points,

and noninferior region follow. A feasible design point xa is said to
be inferior with respect to another feasible design point xb if

fi .xb/ · fi .xa/; 8i D 1; : : : ; M (2)

with a strict inequalityfor at least one i . Correspondingly,the design
pointxb is said to dominatexa . If xa neitherdominatesnor is inferior
to xb , then xa and xb are said to be noninferior with respect to each
other. In theobjectivespace, a region in whichall of the pointswithin
the region are noninferior with respect to every member of a set of
noninferior points is said to be a noninferior region, for example,
the shaded rectangles in Fig. 1c are the noninferior regions of the
set of noninferior points shown with a small triangle symbol.

For a population of design points, a feasible design point xd is
called a nondominatedsolutionpoint if it is not inferiorwith respect
to any other feasible design points in the population. A feasible
design solutionpoint xp is called a Pareto solutionif it is not inferior
with respect to any other feasible design points.11 The set of all
Pareto solutions is called the Pareto set. The set of nondominated
solutionpoints at the completionof an optimizationrun is a discrete
approximation of the Pareto set.

B. MOGA
MOGA is a genetic algorithm (GA)12;13 extended for multi-

objective optimization. GA solves a single-objective optimization
problemby emulatingthenaturalevolutionprocessin which a popu-
lationof design points (or individuals)is iterativelyevolved to reach
an optimum solution. In GA, at each iteration, the probability that
an individual is selected to evolve is governed by its � tness value,
which is a functionof that individual’s single objectivevalue and its
constraint values. MOGA extends GA’s � tness assignment method
so that it is applicable to multiple objectives.

The main advantageof GA over conventionalgradient-basedop-
timization methods is that it does not require gradient information.
Hence, it is applicableto problemswith non-differentiableobjective
and constraint functionswith a mix of continuousand discrete vari-
ables. Because MOGA is an extension of GA, MOGA also inherits
this feature. In addition, unlike many other multi-objective opti-
mization methods, MOGA can obtain (a discrete approximationof)
the Pareto solution set all at once.14;15

There are many variants of MOGA reported in the literature, for
example, Schaffer,14 Fonseca and Fleming,15 Srinivas and Deb,16

and Narayanan and Azarm.17 (A comprehensivereview of different
MOGAs is given by Deb.18) In M–MGA, we use the MOGA devel-
oped by Fonseca and Fleming15 along with the constraint handling
method of Kurapati et al.19 To avoid unnecessary repetitions, from
this point on, we will use the term MOGA to refer to the MOGA
of Fonseca and Fleming with the constraint handling method of
Kuparati et al.

C. Set Quality Metrics
In M–MGA we use set quality metrics as objectives at the sys-

tem level. These metrics are scalars that quantitativelymeasure the
“goodness”of a set of points in the objective space. We use the fol-
lowing four metrics20;21 in M–MGA: hyper area difference, overall
spread, accuracy, and cluster. There are two main reasons for using
these metrics. One reason, explained in Sec. IV, is that the map-
ping from the system subproblem to the subsystem subproblems is
a point-to-set mapping. The second reason, explained in Sec. VI, is
that these metrics, as a group, help to produce diversity20;21 in the
population and help in the convergenceof M–MGA.

In the following, we give a brief mathematical description of
each of these four metrics. Figure 1 shows the geometrical inter-
pretation of the set quality metrics in a two-objective space. Let
P D fp1; p2; : : : ; pDg bea set of designpointsin theobjectivespace.
Also let pg and pb be the good and bad points, respectively.

The hyperarea difference metric HD, the shaded area shown in
Fig. 1a, is de� ned as the difference between the area (or hyperarea
HA, for M ¸ 3) bounded by pb and pg and the area bounded by pb

and the points in P :

HD.P/ D HA.pb; pg/ ¡ HA.pb; p1; p2; : : : ; pD/ (3)
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a) Hyperarea difference

b) Overall spread

c) Accuracy

d) Cluster

Fig. 1 Geometric interpretation of the set quality metrics.

The overall spread metric OS is de� ned as the ratio between the
hyperareaboundedby the two extremepointsof P and thehyperarea
bounded by pb and pg :

OS.P/ D
HA[extremes.P/]

HA.pb; pg/
(4)

In Fig. 1b, the OS is the ratio of the inner rectangular area over the
outer rectangular area.

The accuracy metric AC of a set P is de� ned as the inverse of the
union of the hyperareas bounded by the pairs of adjacent points in
P (shaded rectangles in Fig. 1c):

AC.P/ D 1=[HA[pairs.P/] (5)

The cluster metric CL of a set P is de� ned as the ratio between
the total number of points D in the set P and the number of distinct
points Ddistinct of that set (according to a decision maker):

C L D D.P/=Ddistinct.P/ (6)

The set P shown in Fig. 1d contains four points, but of the four
points, only three are distinct.

III. M–MGA Problem Formulation
In this section, we describe the types of problems that M–MGA

can solve and the restrictions that must be satis� ed.
Equation (7) formulates the type of multi-objective problems in

which M–MGA is applicable. In total, the problem has N design
variables, M objectives,and K constraints.Equation (7) re� ects two
restrictions: the problem must be hierarchicallydecomposable,and
its objectivesmust be separable or additively separable.We call the
equation (7) formulation the original problem:

Minimize

f .x/ D
8
>>>>>>>>>><

>>>>>>>>>>:

JP
j D 1

f j;1.xsh; x1; : : : ; xJ /I : : : I
JP

j D 1

f j;R .xsh; x1; : : : ; xJ /

f1;R C 1.xsh; x1/I : : : I f1;M1 .xsh; x1/
:::

f j;R C 1.xsh; x1/I : : : I f j;M j .xsh; x j /
:::

f J;RC1.xsh; xJ /I : : : I f J;M J .xsh; xJ /

9
>>>>>>>>>>=

>>>>>>>>>>;

t

J ¸ 1

0 · R · M j ; 8 j D 1; : : : ; J (7a)

subject to

g0.xsh/ · 0; g0 D fg0;1.xsh/; : : : ; g0;K0 .xsh/gt

g1.xsh; x1/ · 0; g1 D fg1;1.xsh; x1/; : : : ; g1;K1 .xsh; x1/gt

:::

g j .xsh; x j / · 0; g j D fg j;1.xsh; x j /; : : : ; g j;K j .xsh; x j /gt

:::

gJ .xsh; xJ / · 0; gJ D fgJ;1.xsh; xJ /; : : : ; gJ;K J .xsh; xJ /gt

xL · x · xU

(7b)
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Fig. 2 Hierarchical M–MDO structure of decomposed problem.

where

x D fxsh; x1; : : : ; x j ; : : : ; xJ gt

xsh D fxsh;1; : : : ; xsh;N0 gt

x1 D fx1;1; : : : ; x1;N1 gt

:::

x j D fx j;1; : : : ; x j;N j gt

:::

xJ D fx J;1; : : : ; x J;N J gt

(To simplify the equations,we have not shown the transpose sign t
for all vectors.)

In applying M–MGA, we presume that the original problem
has been hierarchically decomposed into J C 1 subproblems, each
with its own variables, objectives, and constraints. These subprob-
lems are organized into two levels: one system level subproblem
(subproblem 0) and J subsystem subproblems (subproblem 1 to
subproblem J /. Figure 2 shows the decomposition.

In the decomposed problem, subproblem 0 is optimized with re-
spect to the shared variable vector xsh, subject to the system con-
straint vector g0 . The system objectives are set quality metrics [not
part of Eq. (7)] as described in Sec. II.C. In Sec. IV, the use of set
quality metrics as system objectives is explained. Subproblem 0 is
formulated as follows:

Minimize
xsh

q
¡
xsh; x¤

1; : : : ; x¤
J

¢

D
©
q1

¡
xsh; x¤

1; : : : ; x¤
J

¢
; : : : ; qS

¡
xsh; x¤

1; : : : ; x¤
J

¢ªt
(8a)

subject to

g0.xsh/ · 0; g0 D fg0;1.xsh/; : : : ; g0;K0 .xsh/gt (8b)

where

xsh D fxsh;1; : : : ; xsh;N0 gt (8c)

The notation (xsh, x¤
1 , : : : , x¤

J / refers to the combination sets associ-
ated with xsh (explainedin Sec. IV). Subproblem0 has N0 variables,
S objectives, and K0 constraints.

Each of the j th subsystemsubproblems, j D 1; : : : ; J , optimizes
its local objectives f j;i , with respect to its local variable vector x j ,

subject to its local constraint vector g j . (The shared variables xsh

are � xed.) The j th subsystem subproblem has N j variables, M j

objectives, and K j constraints. When the notation from Eq. (7) is
used, the j th subsystem subproblem is formulated as follows:

Minimize
x j

f j .xsh; x j / D
»

f j;1.xsh; x j /; : : : ; f j;R .xsh; x j /;

f j;R C 1.xsh; x j /; : : : ; f j;M j .xsh; x j /

¼ t

(9a)

subject to

g j .xsh; x j / · 0; g j D fg j;1.xsh; x j /; : : : ; g j;K J .xsh; x j /gt

(9b)

where

x j D fx j;1; : : : ; x j;N j gt (9c)

Finally, for a properly decomposed problem, the following con-
ditions are satis� ed: (N0 C N1 C ¢ ¢ ¢ C N J / D N , [R C .M1 ¡ R/ C
¢ ¢ ¢ C .MJ ¡ R/] D M , and (K0 C K1 C ¢ ¢ ¢ C K J / D K .

IV. Description of M–MGA
In this section,we describeM–MGA, includingthedetailsneeded

to understand the algorithm steps presented in the following sec-
tion. The descriptionfocuseson three key featuresof how M–MGA
solves the decomposed optimization problem: reconstituting com-
plete design variablevectors from the solutionsof the subproblems,
creating a “grand Pareto pool,” and using set quality metrics as sys-
tem objectives.

Figure 3 shows an overall schematic of M–MGA, depicting the
hierarchical structure of the decomposed problem with J C 1 sub-
problems. Because the subsystem subproblems in M–MGA have
multiple objectives, optimizing each of the subproblems will result
in a Pareto set (for each � xed value of the shared variables).We use
MOGA as the optimizer for all subproblems.Hence, we have J C 1
MOGAs, each with its own population, individuals, and Pareto set.
We call the subproblem 0 MOGA the system MOGA, and we will
use the correspondingterms system populationand system individ-
uals. We call the j th subsystem subproblem MOGA the j th local
MOGA, and we will use the terms j th local population and j th lo-
cal individuals. We will refer to the Pareto set generated by the j th
subsystem subproblem as the j th local Pareto set.

In executing M–MGA, each iteration of the system MOGA cre-
ates a system population, that is, a set of xsh. For the � rst iteration



1756 GUNAWAN ET AL.

Fig. 3 Overall M–MGA schematic.

the population is generated randomly. For subsequent iterations the
population is created by evolving the previous iteration’s popula-
tion. The system constraint g0(xsh/ is evaluated for each individual
in the population to identify the feasible individuals. The xsh for
each feasible individual is passed to the J local MOGAs. At the
subsystem subproblems, each local MOGA treats the shared vari-
ables as � xed and optimizes its own local objectives with respect
to its own local variables, creating its local Pareto set. For each xsh

there is now an associated group of J local Pareto sets.
We are seeking the Pareto set that is the solution of the original

problem. The members of that set are complete variable vectors.To
obtain complete variablevectors,we combine the xsh and the points
in the J local Pareto sets. For each xsh, one complete variablevector
x can be formed by combining xsh with one point from each of its
associated J local Pareto sets. The point from the j th local Pareto
set contributes to the local variables x j that are unique to the j th
subproblem.

Forming the combinationscreates a set of complete variable vec-
tors for each xsh. We refer to this set as the combination set. The
number of complete variable vectors in the combination set, that is,
the number of combinations, associated with each xsh can be cal-
culated as follows. Let xi

sh, i D 1; : : : ; P0 , denote a feasible system
individual.The number of combinationsassociatedwith xi

sh is then

Pi;1 £ ¢ ¢ ¢ £ Pi;J D
JY

j D 1

Pi; j (10)

Note that P0 and the Pi; j might change at every system MOGA
iteration.

Each member of the combinationset associatedwith xi
sh is a point

in the N -variablespace thatmaps to a point in the M-objectivespace.
Thus, each xsh valuemaps to a set of points in the M-objectivespace.
Because the xsh do not map to unique points in the objective space
of the original problem, the system MOGA cannot assign � tness
based on the original objectives. Instead, the system MOGA uses as
objectives the four set quality metrics described in Sec. B.III, HD,
OS, AC, and CL.

We calculatethe set qualitymetrics valuesof each xsh set of points
in M -objective space, thus mapping each xsh value into a point in

the four-objective space of the quality metrics. We then apply the
methods of Fonseca and Fleming15 (in the four-objective space of
the quality metrics) to assign a � tness value to each xsh. The system
MOGA uses the assigned� tness valuesin executing its evolutionary
algorithms.

The precedingdescriptionofM–MGA appliesonly to the feasible
individualsin the systempopulation.Any infeasiblesystem individ-
uals are assigned arbitrarily low � tness values (typically 1/10 of the
largest � tness value).When optimizingthe subsystemsubproblems,
the shared variables xsh are treated as parameters and kept � xed. It
is possible that for some particularvalue of xsh, the feasibledomain
of a subsystem subproblem would be an empty set ;, that is, the
subproblem would not have any solutions.We treat any such xsh as
infeasible.

At each system MOGA iteration, a stopping criterion is checked
to determine if further iterations are warranted. The basic concept
of the stopping criterion is to have, at each iteration, a set that is
an approximation of the Pareto set of the original problem and to
stop system MOGA when that approximation has not changed sig-
ni� cantly for some number of consecutive iterations. The solution
that M–MGA will generate we call the grand Pareto set. We call
the approximation at the current (or previous) iteration the current
(or previous) grand Pareto set. We use the hyperarea differenceHD
set quality metric to measure changes in the current grand Pareto
set. If HD does not change by more than some small amount, then
the sets are considered not to have changed signi� cantly.

At eachsystemMOGA iteration,we form thecurrentgrandPareto
set by updating the previous grand Pareto set. The previous set is
empty on the � rst iteration.We form the grand Pareto pool, which is
the union of the previousgrand Pareto set and all of the combination
sets of all of the xsh. When the given notation is used, the number
of points added to the grand Pareto pool at the current iteration is

Á
JY

j D 1

P1; j C
JY

j D 1

P2; j C ¢ ¢ ¢ C
JY

j D 1

PP0; j

!
D

P0X

i D 1

JY

j D 1

Pi; j (11)

The inferior points are removed from the pool, and the remaining
nondominated solution points comprise the current grand Pareto
set. When the stopping criterion is met, the current grand Pareto set



GUNAWAN ET AL. 1757

becomes the grand Pareto set, the M–MGA solution to the original
problem.

V. M–MGA Implementation
We implement M–MGA with the following steps:
1) Generate an initial system population,a set of random xsh. Ini-

tialize the previousgrand Pareto set to empty. Initialize the iteration
counter: itrD 0.

2) Calculate the system constraint vector g0 for all system indi-
viduals, and identify the feasible system individuals.

3) For feasible system individuals, pass their xsh values to all
J subsystem subproblems, and perform the optimization of each
subproblem to obtain local Pareto sets.

4) For each feasible system individual, combine its associated
local Pareto sets to create combination sets of complete variable
vectors.

5) Form the union of all of the combination sets and the previous
grand Pareto set to form the grand Pareto pool.

6) Eliminate the inferior points from the grand Pareto pool, thus
forming the current grand Pareto set.

7) Check whether the system MOGA stoppingcriterion has been
satis� ed. If it has, stop M–MGA. The current grand Pareto set is the
M–MGA solution to the original problem. Otherwise, go to step 8.

8) For each feasible system individual, evaluate the set quality
metrics of its associated combination set. Assign a � tness value
to each feasible system individual based on the set quality metrics
values. For infeasible system individuals, assign low � tness values.

9) Evolve system population based on the system individuals’
� tness values. Set itrD itr C 1, and go to step 2 for the next iteration.

VI. Discussion
We have presented the details of the optimization procedure of

M–MGA. In this section we show that the points in the M–MGA
solution, that is, the grand Pareto set, are feasible with respect to
the original problem. We then show that for any Pareto point of
the original problem, M–MGA generates at least one point that
is noninferior with respect to that Pareto point. Last, we show a
comparisonbetween the computationalcomplexityof M–MGA and
a single-levelMOGA in terms of number of functions calls. In this
discussion, we assume that each system and sub-system MOGA
used in M–MGA is convergent and can obtain the Pareto set of its
subproblem.

A. Feasibility of M–MGA Solutions
Recall from Sec. III that, in M–MGA, the constraint vector of the

originalproblem,g, is decomposedinto the system constraintvector
g0 and the local constraint vectors, g1; : : : ; g J . Recall also that the
j th constraint vector g j is a function of only the shared variable
vector xsh and the j th local variable vector x j .

The argument is then straightforward.All of the xsh values that are
passed to the subsystem level satisfy the system constraint vector,
g0. The xsh and the local variables x j values of the points in the
j th local Pareto set satisfy the j th constraint vector g j . Because
g0; g1; : : : ; gJ are all independent, the points in the combination
sets satisfy g. That is, in a combination fxsh; x1; x2; : : : ; xJ g, xsh

satis� es g0; xsh and x1 satisfy g1I : : : I xsh and xJ satisfy gJ . Thus,
all of the complete design variable vectors in all of the combination
sets are feasible, and so all of the points in the M–MGA solution
are feasible with respect to the original problem.

B. M–MGA Solutions vs Pareto Set of the Original Problem
The set quality metric HD is a measure of how close a set of non-

dominated solutionpoints is to the good point.20;21 A necessary and
suf� cient condition for the Pareto set is that it has a lower HD value
than any other subset of the feasible points.22 In M–MGA, one of
the system MOGA objectives is to minimize the HD of the combi-
nation sets. Thus, the xsh values of the system MOGA population
will converge to a xsh value whose corresponding combination set
has the lowest HD value comparedto any other combinationset. Let

P¤ denote this lowest HD combination set, and also let NP¤ denote
the set of nondominated solution points in P¤.

We nowshowthat for anypointPR¤ in theParetoset of theoriginal
problem there is at least one point in NP¤ that is noninferior with
respectto PR¤. Assume thatall pointsin NP¤ are inferiorwith respect
to PR¤. Then,by the de� nitionof the HD metric, the combinationset
that contains PR¤ will have a lower HD value than NP¤. However,
this is a contradiction because P¤ is a combination set that has the
lowest HD value compared to any other combination sets. Thus, we
conclude that at least one point in NP¤ must be noninferior with
respect to PR¤.

In creating the grand Pareto set, we remove all inferior points
from the grand Pareto pool. Hence, all of the points in the grand
Pareto set either dominate or are noninferior with respect to NP¤.
Following our proof, for any Pareto point of the original problem,
there is at least one point in the grand Pareto set that is noninferior
with respect to that Pareto point.

To improve the probability of obtaining combination sets that
containParetopoints,all combinationsetshavingHD valuesslightly
higher than P¤ also ought to be sought. M–MGA accomplishes
this by optimizing additional set quality metrics, that is, the quality
metricsOS, AC, and CL, as systemobjectives.When there is a multi-
objective optimization at the system level, the xsh in the system
populationwill converge not only to the xsh associatedwith P¤, but
also to those xsh for which the HD values of their combination sets
are close to that of P¤.

C. Computational Complexity of M–MGA
Equation (12) gives the total number of function calls used in a

single level MOGA, calculatedby counting the number of function
calls made per iteration:

FN .MOGA/ D .popC itr£ rep/.M C K / (12)

When a similar counting procedure is used, the total number of
functions calls made by M–MGA is shown in Eq. (13). Here, the
subscripts 0 and l refer to the system and local MOGAs, respec-
tively, and PF is the fractionof the system populationthat is feasible
(PF · 1):

FN .MMGA/ D .pop0 C itr0 £ rep0/

£ [K0 C PF £ .popl C itrl £ repl /.M C K ¡ K0/] (13)

Typically, the quantity (popl C itrl £ repl/ is on the order of 103,
whereas the number of system constraints K0 is on the order of
101. In addition, because the original problem is decomposed into
many subproblems, K0 typically comprises only a small portion of
the total number of constraints, K . Hence, in the second bracket of
Eq. (13), the term K0 is negligibly small and, thus, can be omit-
ted. When Eqs. (12) and (13) are compared, the ratio between the
numbers of functions calls made by M–MGA and by a single level
MOGA is

FN .M–MGA/

FN .MOGA/
D

PF £ .pop0 C itr0 £ rep0/.popl C itrl £ repl /

.pop C itr £ rep/

(14)

For a typical M–MDO problem, M–MGA can obtain solutions
using pop D 50 and rep D 10 as the system and subsystem MOGAs
parameters. Also, the grand Pareto set usually converges after ap-
proximately itrD 50 (as in Sec. VII). For the same problem, the
equivalent single level MOGA can usually obtain solutions using
popD 300, rep D 30, and itrD 1000 (as in Sec. VII). Substituting
these values into Eq. (14), we observe that for a typical problem,
M–MGA requires about four or � ve times more functionscalls than
a single-levelMOGA.

VII. Examples
As a demonstration, we applied M–MGA to two engineering

examples: the design of a speed reducer and the design of a payload
for an underseaautonomousvehicle. For comparison,we solved the
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Table 1 System level MOGA parameters in M–MGA

Parameter Value

Chromosome length (bits per variable)
Continuous variables 10
Discrete variables As needed

Population size 50
Replacement (per iteration) 10
Crossover probability 0.95
Mutation probability 0.05
Crossover type Two-point crossover
Selection type Stochastic universal selection

Table 2 Subsystem level MOGAs parameters in M–MGA

Parameter Value

Chromosome length (bits per variable)
Continuous variables 10
Discrete variables As needed

Population size 50
Replacement (per iteration) 10
Crossover probability 0.95
Mutation probability 0.05
Crossover type Two-point crossover
Selection type Stochastic universal selection
Stopping criterion Stop after 50 iterations

Table 3 MOGA parameters (single level)

Parameter Value

Chromosome length (bits per variable)
Continuous variables 10
Discrete variables As needed

Population size 300
Replacement (per iteration) 30
Crossover probability 0.95
Mutation probability 0.05
Crossover type Two-point crossover
Selection type Stochastic universal selection
Stopping criterion Stop after 1000 iterations

undecomposed formulations of the same examples using a single-
level MOGA.15;19 Tables 1 and 2 list the system and local MOGA
parameters used in M-MGA. Table 3 lists the parameters used in
the single-levelMOGA.

When the parameters in Tables 1–3 are substituted in to Eq. (14),
and PF D 0.5 is assumed, the ratio of the number of functions calls
between M–MGA and MOGA for these examples is obtained:

FN .MMGA/

FN .MOGA/
D .0:5/.50 C 50 £ 10/.50 C 50 £ 10/

.300 C 30 £ 1000/
¼ 5 (15)

A. Design of a Speed Reducer
This well-known speed reducer example was originally formu-

lated by Golinski23 as a single objective optimization problem.
Figure 4 shows the speed reducer.

We convert the problem into a three-objectiveoptimizationprob-
lem. The mathematical formulation of the problem is as follows:

Minimize

f1 D 0:7854x1x2
2

£¡
10x2

3

¯
3
¢

C 14:933x3 ¡ 43:0934
¤

¡ 1:508x1

¡
x2

6 C x2
7

¢
C 7:477

¡
x3

6 C x3
7

¢

C 0:7854
¡
x4x2

6 C x5x2
7

¢

minimize

f2 D
p

.745x4=x2x3/2 C 1:69 £ 107
¯

0:1x3
6

minimize

f3 D
p

.745x5=x2x3/2 C 1:575 £ 108
¯

0:1x3
7 (16a)

Fig. 4 Speed reducer.

subject to

g1 :
£
1
¯¡

x1x2
2 x3

¢¤
¡ .1=27/ · 0

g2 :
£
1
¯¡

x1x2
2 x2

3

¢¤
¡ .1=397:5/ · 0

g3 :
£
x3

4

¯¡
x2x3x4

6

¢¤
¡ .1=1:93/ · 0

g4 :
£
x3

5

¯¡
x2x3x4

7

¢¤
¡ .1=1:93/ · 0; g5 : x2x3 ¡ 40 · 0

g6 : .x1=x2/ ¡ 12 · 0; g7 : 5 ¡ .x1=x2/ · 0

g8 : 1:9 ¡ x4 C 1:5x6 · 0; g9 : 1:9 ¡ x5 C 1:1x7 · 0

g10 : f2 ¡ 1300 · 0; g11 : f3 ¡ 1100 · 0 (16b)

where

2:6 · x1 · 3:6; 0:7 · x2 · 0:8

17 · x3 · 28; 7:3 · x4 · 8:3; 7:3 · x5 · 8:3

2:9 · x6 · 3:9; 5:0 · x7 · 5:5 (16c)

The seven design variables are the gear face width x1 , the teeth
module x2, the number of teeth pinion x3 (integer variable), the
distance between bearings 1 x4 , the distance between bearings 2
x5, the diameter of shaft 1 x6 , and the diameter of shaft 2 x7 . The
� rst design objective f1 is to minimize the sum of the volumes of
the speed reducer parts. The second objective f2 is to minimize the
stress in shaft 1. The third objective f3 is to minimize the stress in
shaft 2.

The design is subject to a number of constraints imposed by gear
and shaft designs.There are 11 inequalityconstraints:g1 is an upper
bound on the bending stress of the gear teeth, g2 is an upper bound
on the contact stress of the gear tooth, g3 and g4 are upperboundson
the transversede� ection of the shafts, g5 , g6, and g7 are dimensional
restrictions based on space and/or experience, g8 and g9 are design
requirements on the shaft based on experience, and g10 and g11 are
constraints on stresses in the gear shafts. Finally, upper and lower
limits are imposed on each of the seven design variables.

To applyM–MGA, the originalproblem[Eq. (16)] is decomposed
into three subproblems as shown in Fig. 5.

The mathematical formulation of the decomposed problem is as
follows: For subproblem 0, minimize

HD.x1; x2; x3/ (17a)

maximize

OS.x1; x2; x3/ (17b)

maximize

AC .x1; x2; x3/ (17c)

minimize

CL.x1; x2; x3/ (17d)
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Fig. 5 Hierarchical M–MDO structure of the speed reducer design example.

subject to

g1 :
£
1
¯¡

x1x2
2 x3

¢¤
¡ .1=27/ · 0

g2 :
£
1
¯¡

x1x2
2 x2

3

¢¤
¡ .1=397:5/ · 0

g5 : x2x3 ¡ 40 · 0

g6 : .x1=x2/ ¡ 12 · 0; g7 : 5 ¡ .x1=x2/ · 0 (17e)

where

2:6 · x1 · 3:6; 0:7 · x2 · 0:8; 17 · x3 · 28 (17f)

The shared variable vector is xsh D fx1; x2; x3g. The system con-
straint vector is g0 D fg1; g2; g5; g6; g7g.

For subproblem 1, minimize

f1;1 D 0:7854x1x2
2

³
10x2

3

3
C 14:933x3 ¡ 43:0934

´

¡ 1:508x1x2
6 C 7:477x3

6 C 0:7854x4x2
6 (18a)

minimize

f2 D
p

.745x4=x2x3/2 C 1:69 £ 107
¯

0:1x3
6 (18b)

subject to

g3 :
£
x3

4

¯¡
x2x3x4

6

¢¤
¡ .1=1:93/ · 0; g8 : 1:9 ¡ x4 C 1:5x6 · 0

g10 : f2 ¡ 1300 · 0 (18c)

where

7:3 · x4 · 8:3; 2:9 · x6 · 3:9 (18d)

In subproblem 1, the local variable vector is x1 D fx4; x6g, the local
objective vector is f1 D f f1;1; f2g, and the local constraint vector is
g1 D fg3; g8; g10g.

For subproblem 2, minimize

f1;2 D ¡1:508x1x2
7 C 7:477x3

7 C 0:7854x5x2
7 (19a)

minimize

f3 D
p

.745x5=x2x3/2 C 1:575 £ 108
¯

0:1x3
7 (19b)

subject to

g4 :
£
x3

5

¯¡
x2x3x4

7

¢¤
¡ .1=1:93/ · 0; g9 : 1:9 ¡ x5 C 1:1x7 · 0

g11 : f3 ¡ 1100 · 0 (19c)

where

7:3 · x5 · 8:3; 5:0 · x7 · 5:5 (19d)

In subproblem 2, the local variable vector is x2 D fx5; x7g, the local
objective vector is f2 D f f1;2; f3g, and the local constraint vector is
g2 D fg4; g9; g11g. Overall, in the decomposed formulation J D 2,
R D 1, M1 D 2, and M2 D 2.

The Pareto set generated by M–MGA is shown in the objective
space in Fig. 6. In Fig. 6, we have shown the design points pro-
jected into a two-objectivespace. The results from solving the same
problem [Eq. (16)] using a MOGA are also shown in Fig. 6.

It canbe seen in Fig. 6 that theM–MGA solutionscloselyapproxi-
mate the MOGA solutions.In all threeplanes,M–MGA Pareto solu-
tion points closely follow the points found by MOGA. Figure 6 also
shows that M–MGA produces more solution points than MOGA.
For example, in the volume-stress2 plane, M-MGA found some
Pareto points not found by MOGA.

BecauseM–MGA is a stochasticmethod,M–MGA solutionsmay
differ from one M–MGA run to another. In this example, to assess
how the solutions change, we ran M–MGA 50 times and measured
the HD of the grand Pareto set generated from each run. From these
50 M–MGA runs, we obtain an average HD value of 0.588, and
the HD values are within §0.36% from this mean value. This result
shows that, for this example, M–MGA produces relatively the same
solutions from one M–MGA run to another.

B. Design of Payload for Undersea Autonomous Vehicle
As a second example, we applied M–MGA to the design of an

undersea payload. This problem is part of a larger undersea au-
tonomous vehicle (UAV) design problem that has many other sub-
problems, such as propulsion, sensor, and control systems, that in-
teract with the system coordinator. Our investigations have been
limited to the design of the payload.

Typically, the payload must be effective in several different uses,
called scenarios. Effectiveness in a scenario is measured by the
probability of success PS in that scenario. The design goal is to
maximize simultaneously the individual PS for all of the scenarios.
The payload design is constrained by upper limits on the weight of
the payload and on the radiated noise generated by the payload.
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a) Generated by M–MGA b) Generated by MOGA

Fig. 6 Pareto sets of the speed reducer design.

There are six design variables: the payload length PL, the hull
diameter DH, the material of the hull HM, the payload type PT,
the � rst inner material type I 1, and the second inner material type
I 2. Four of the variables are discrete: HM, PT, I 1, and I 2. For
discrete variable I 2, the range, that is, the options available to the
designer, depends on the values (selected options) of PT and of
I 1. The other two variables, PL and DH, are continuous. For any
particular payload design problem, maximum-value constraints on
PL and DH are provided.In additionto the sixdesignvariables,there
is a � xed continuous design variable, the maximum depth at which
thepayloadoperates.Unlike the speedreducerdesignexample,there
are no closed-form relationships to map the design variables to the
constraints and to the PS . Rather, we were provided with a design
analyzer (computer program) that maps the design variables to the
payload weight, the radiated noise, and the PS for the scenarios.

In this example, we address a two objective payload design opti-
mization with two constraints. The two objectives are to maximize
PS1 and PS2 for two different scenarios. The two constraints are a
65-lb (30-kg) upper bound on the payload weight and a 0.16-W/m2

upper bound on the radiatednoise generated.The value of the maxi-
mumdepthis 3000ft (915m) (� xed).The problemis mathematically
formulated as follows:

Fig. 7 Hierarchical (bilevel) M–MDO structure of the undersea pay-
load design example.
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a) Generated by M–MGA b) Generated by MOGA

Fig. 8 Pareto sets of the payload design of UAV (maximization).

Maximize

PS1.PL; DH; HM; PT; I 1; I2/ (20a)

maximize

PS2.PL; DH; HM; PT; I 1; I2/ (20b)

subject to

weight.PL; DH; HM; PT; I 1; I2/ ¡ 65 · 0

noise.PL; DH; HM; PT; I1; I2/ ¡ 0:16 · 0 (20c)

To apply M–MGA, we pose the problem as a bilevel UAV de-
sign problem, but we consider only one subsystem subproblem, the
payload (Fig. 7). The shared variables from the system level UAV
subproblem are PL and DH.

Figure 8 shows the Pareto set of the problem generated by M–
MGA. Figure 8 also shows the Pareto set generated by applying
MOGA to the same problem [Eq. (20)].

As with the speed reducer example, the M–MGA solutionclosely
approximates the MOGA solution. The Pareto points obtained by
M–MGA closely resemble the Pareto points obtained by MOGA.
M–MGA results also have a good diversity similar to that of the
diversity of MOGA’s results. Observe in Fig. 8 that some MOGA
solutions dominate M–MGA solutions. This discrepancy might be
due to the stochastic nature of MOGA and M–MGA.

To assess the reproducibility of the undersea payload example
results,we ran M–MGA 50 times and measured the HD valueof the
grand Pareto set from each run. The 50 HD values that we obtained
have a mean value of 0.864, and they are distributedwithin 2.3% of
this mean value. This result shows that, for this example, M–MGA
produces relatively the same solutions from one M–MGA run to
another.

VIII. Summary
In this paper, we presented M–MGA, a new method to solve M–

MDO problems.M–MGA is applicable to thoseM–MDO problems
that can be decomposedhierarchicallyinto multi-objectivesubprob-
lems and whose objectives are separable or additively separable. In
the decomposition, the subproblems may have both common and
unique objectives.Each subproblem is solved by a MOGA, so that
M–MGA is applicable to problems with nondifferentiableobjective
and constraint functions and to problems with a mix of continu-
ous and discrete variables. M–MGA has three novel features used
in solving the decomposed optimization problem: reconstitutionof
complete design variablevectors from the solutions of the subprob-
lems, creation of a grand Pareto pool, and use of set quality metrics
as system objectives.

We showed that for any Pareto point of the original (single-level)
problem, M–MGA generates at least one point that is noninferior
with respect to that Pareto point. We presented two engineeringex-
amples: the designof a speed reducerand the designof a payloadfor

a UAV. We observed in both examples that the solutions generated
by M–MGA are similar to the solutions generated by MOGA. We
also observed that M–MGA produces relatively the same solutions
from one M–MGA run to another.
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